Enrich, X(I1) : 30 - 36, Jan — June, 2019
Edge Product Cordial Labeling of Splitting Graphs

'K Palani, 2S.K.Vanitha and 3K .Selva Lakshmi
'Department of Mathematics
23 pG Mathematics
A.P.C. Mahalaxmi College for Women, Thoothukudi
Email: vanithasubbhu@gmail.com
Abstract

Let G=(V,E) be a graph. The splitting graph of G is obtained by adding a new vertex u
corresponding to each vertex u of G such that N(u)=N(u) and is denoted by S (G). An edge
labeling function f : E(G) —{0,1} with the induced vertex labeling f : V(G) — {0,1} defined as
f'(v) =[] f(e;) where the product is taken over all e; incident with v is called an edge product
cordial labeling of G if | v¢(0) - ve(1) | < 1 and | e¢(0) - ef(1) | < 1. A graph G is called an edge
product cordial graph if it admits edge product cordial labeling. In this paper, we find the edge
product cordial labeling of splitting graph of some standard and special graphs.
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1. Introduction

Let G = (V, E) be a finite, undirected graph without loops and multiple edges. If the vertices of
the graph are assigned values subject to certain conditions, then it is known as graph labeling.
For extensive survey on graph labeling, refer Gallian, J.A.[2]. A mapping f: V(G) — {0,1} is
called binary vertex labeling of G and f(v) is called the label of vertex v of G under f. The
concept of cordial labeling was introduced by Cahit, I.[1]. A binary vertex labeling of graph G
with induced edge labeling f : E(G) — {0,1} defined by f (e = uv) = f(u) f(v) is called a
product cordial labeling if | v#(0) - vi(1) | <1 and | ef(0) - e¢(1) | < 1. A graph G is product cordial
if it admits product cordial labeling. A binary edge labeling of graph G with induced vertex
labeling f: V(G) — {0,1} defined by f (v) = [] f(e;) for{ei € E(G) / &’s incident to v} is called
an edge product cordial labeling if | v¢(0) - v¢(1) | < 1 and | ef(0) - ef(1) | < 1. A graph G is edge
product cordial if it admits edge product cordial labeling. The splitting graph of G is obtained by
adding a new vertex u’ corresponding to each vertex u of G such that N(u) = N(u') and is denoted
by S’(G). Forn = 2, P, © Kjis called a comb graph. In this paper, we analyze splitting graphs
of P, Chand P, O K; for the existence of edge product cordial labeling.
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2. Edge Product Cordial Labeling Of Splitting Graphs

Theorem 2.1: S(P,) is an edge product cordial graph if and only if n is even.

Proof: S(P,) has 2n vertices and 3n — 3 edges.

Let V(S(Pn)) = {vi,va.......... Uz Uz, o, un} with (V3,vo,.......... ,vn) as the base path and u; as
the vertex corresponding to v;.

Case 1: nis even

The following type of labeling gives maximum value for v¢(1).

Define f: E(S(Pn)) —{0,1} as follows.

f(vi vis) = 1 fori=1 tog— 1;f(vius) =1fori=1to g— 1 and f(vn.q Up) = 1

f(uivis) = 1fori=1 tog :fuv) =0  otherwise.

Correspondingly,

f(vi)=1fori=1to g— 1; f(u)=1fori=1to 2 and f(uy) = 1 ; f(v) = 0 otherwise.

Therefore v (1) = Z—1+>+1 =n—1+1=n — |
vi(0)=2n-n=n _s i
er()=2-1+2+2 =221 — 1l

er(0)=(3n-3)-(3-1) =3n-3-2+1
= 37" ) —> |V

Fromland I, |vi0)-v¢(l) |=|n—n|=0<1
From Illand IV |e0) -e(1) | = |5 - 2 — (3 - D|=1<1.
Therefore f is an edge product cordial labeling of S(Py).
Thus, S(Py) is an edge product cordial graph if n is even.
Case 2: nisodd
Number of edges =3n-3=3(n—1) = even

Therefore, in any edge labeling there must be equal number of 0’s and 1°s for edges.

(ile)er (0)—er (1) =

Given below is one such edge labeling which assigns 1 for maximum number of vertices.

3(n—-1)
2

f(vi Vier) = 1for i = 1 to [2] ; (Ui Vier) = f(vi Uir) = 1 for i = 1 to 2] and f(e) = 0 otherwise.

Correspondingly,
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f(vi) = f(u) = Lfori=1to [g] and f(v) = 0 otherwise

n

Therefore, vi(1) = E] + [5] =n—1 (sincen is odd)

vi(0) = 2n-n—1=n+1
Svi0) -vi) [=In—1-n+1]=2>1,
Therefore, the above labeling is not edge product cordial. Since this type of labeling gives
maximum number of possible 1’s to the edges, no other edge labeling can be edge product
cordial.
. S(Py) is not an edge product cordial graph if n is odd. Hence, by cases 1 and 2, S(P,) is an
edge product cordial graph if and only if n is even.

Illustration 2.2 : S(Py) is an edge product cordial graph.
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S(Pn) has 2n vertices and 3n — 3 edges.

Here, In S(P10), n = 10 (even). The light and dark edges represents the edges with labels 1 and 0
respectively.

From the figure, it is clear that

ef(l)=4+5+4+1=14 and ef0)=5+4+4= 13

Therefore,| e¢(0) - e¢(1) | = [13 — 14| =1< 1

vi(l)=4+5+1 = 10andvf0)=6+4 = 10

Thus,| v¢(0) - v¢(1) | = |10 — 10| =0 < 1.

Hence, S(P10) is an edge product cordial graph.

Ilustration 2.3: S(Py) is not an edge product cordial graph.
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S(Pn) has 2n vertices and 3n — 3 edges.
Here, In S(Pg), n = 9 (odd). The light and dark edges represents the edges with labels 1 and 0
respectively.
The following type of labeling gives maximum number for v¢(1). From the figure, it is clear that
ef(l)=4+4+4 = 12ande0) =4+4+4= 12
Therefore,| ex(0) - e¢(1) | =112 — 12| =
vi(l)=4+4=8andvg{0)=5+5= 10
Thus,| v¢(0) - v¢(1) | = |10 = 8] =2 >1
Therefore, the above labeling is not an edge product cordial. Since this type of labeling gives
maximum number of possible 1’s to the edges, no other edge labeling can be edge product
cordial.
Hence, S(Py) is not an edge product cordial graph.
Theorem 2.4 : S(C,) is not an edge product cordial graph forn > 3.
Proof: S(C,) has 2n vertices and 3n edges.
Let V(S(Cp) ={vi, ui /i =1ton } with (vi,vo,.......... ,vn) as the base cycle and u;’s as the
corresponding vertices.
The following type of labeling gives maximum number for v¢(1).
In any edge product cordial labeling of S(C,), | ef(0) - ef(1) | =0
e (0)=er ()=
Among the various edge product cordial labelings, v¢ (1) is maximum only when f(e) = 1 for ¢’s

incident with u; .

Since the number of edges incident with each u; is 2 and are distinct, vi (1) < ef(l) sn

3n _ 8n-3n 5n
> -—_—= -
Vs (O) 2n " 2
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S0 - = |5 - | = 8

4 4 4
Svi(0) - ve(D) | > 1 (Since n> 3)
Therefore, the above labeling is not edge product cordial. Since this type of labeling gives
maximum number of possible 1’s to the edges, no other edge labeling can be edge product
cordial.
Then, S(C,)) does not admit edge product cordial labeling.
Hence, S(C,)) is not an edge product cordial graph for n > 3.

Illustration 2.5 : S(Cs) is not an edge product cordial graph for n > 3.

S(C,) has 2n vertices and 3n edges. Here, In S(Cs), n = 5. The light and dark edges represents the
edges with labels 1 and 0 respectively. The following type of labeling gives maximum number
for v¢(1). From the figure, it is clear that,

ef(l)=2+2+2+2=8;ef0)=5+2=7

Therefore, | e/(0) -ex(1) | =7 —8| =1

vi(l) =4; vi(0)=6

Thus, | vi(0) - vi(1) |= |6 —4|=2>1

Therefore, the above labeling is not edge product cordial. Since this type of labeling gives
maximum number of possible 1’s to the edges, no other edge labeling can be edge product
cordial.

Hence, S(Cs) is not an edge product cordial graph.
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Theorem 2.6: Forn > 2, S(P, ® Ky ) is an edge product cordial graph.
Proof: S(P, ® Ky ) has 4n vertices and 6n — 3 edges.
Let V(Ph © Ki) ={vi,va,.......... ,Vn,Ug,Up,.... .. un} where vi’s are the base path and u;’s are the
end vertices. V(S( Py © K1) ={vi, Ui, vi’, ui’/ i =1 to n} where v;’ and u;’ are corresponding to
vi and u; respectively.
Define f: E(S(P, © K1)) —{0,1} as follows.
Assign 1 to all the edges incident with u;” for i = 1 to n and all the edges incident with u; fori =1
to n— 1 and to the edge vi’v,. Incident with each u; , there are exactly 2 edges and incident with
Ui’ there are exactly one edge.
Therefore, ef(1) =n+2(n-1)+1 =3n-2+1 =3n-1
ef(0)=(6n-3)-—(3n-1) =3n-2

oo led0)-e(1) | =1 I
Correspondingly, the vertices u;’s for all i = 1 to n, the vertices u; for i = 1 to n-1 and v;’ get the
label 1.

~vi(l)=n+n-1+1=2nandvy{0)=4n—-2n =2n

S lvi(0) -ve(1) =0 I

By I and 11, S(P, ©® Kj) admits edge product cordial labeling.

Hence, S( P, © Ky ) is an edge product cordial graph.
llustration 2.7: S( P © K ) is an edge product cordial graph.

b b 2

2 Vs Ve

vy vy’ V3

S(Pn O Ky) has 4n vertices and 6n — 3 edges.

Here, In S(P, © Kj), n = 6. The light and dark edges represents the edges with labels 1 and 0
respectively.

e(1])=6+10+1 = 17andef0)=2+9+5 = 16.

Therefore, | e/(0) - ex(1) |= |16 —17|=1<1
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vi(l)=6+5+1= 12andvf(0) =6 +5+1= 12

Thus, |vi(0) - v¢(1) | =12 - 12| =0<1

Hence, S( P O K7 ) is an edge product cordial graph.

References

[1] Cahit, I (1987), “Cordial Graphs” : A weaker version of graceful and harmonious graphs Ars
combin, 23,201-207.

[2] Gallian, J.A.(2010) “A dynamic survey of graph”: The electronics Journal of Combinatorics,
17(#DS6).

[3] Sundaram .M, Ponraj .R and Somasundaram .S(2004). “Product cordial labeling of graphs”,
Bull. Pure and Applied Sciences (Mathematics and Statistics), 23E; 155 — 163.

[4] Vaidya .S.K., Barasara .C.M., “Edge product cordial labeling in the context of some graph
operations”: International Journal of Mathematics and Scientific Computing(ISSN: 2231-
5330), Vol. 3, No.1, 2013.

[5] A note on the connectivity of Kronecker Product of graphs,
http://www.sciencedirect.com.

[6] Weisstein, Eric W. Mathworld A Wolfram Web Resource, http:// mathworld.wolfram.com.



